We describe a scheme to demonstrate the nonlocal properties of a single particle by showing a violation of Bell's inequality. The scheme is experimentally achievable as the only inputs are number states and mixed states, which serve as references to 'keep track of the experiment'. These reference states are created completely independently of one another and correlated only after all the measurement results have been recorded. This means that any observed nonlocality must solely be due to the single particle state. All the techniques used are equally applicable to massive particles as to photons and as such this scheme could be used to show the nonlocality of atoms.
experiment gives clear results, it is still subject to the possible 'loophole' that the two parties make use of shared reference states, i.e. the reference states have emerged as the two outputs from a single beam splitter. This process is problematic because it could lead to some additional nonlocality being introduced by the reference states. This would make it difficult to ascribe any observed nonlocality to the single particle state.
Evidently, much of the controversy associated with single particle systems stems from this introduction of additional particles. Unfortunately, they seem unavoidable if we are to keep track of the experiment. Instead, we need to ensure that they are added in such a way that they cannot contribute any nonlocality. This means that they must be generated by the two observers using only local operations and classical communication. In this paper, we show how this can be achieved in a manner that leaves no room for doubt since the two parties each employ a completely independently created mixed state as their reference. The scheme we present has the further advantage that it is equally applicable to massive particles as to photons and eliminates any need to violate number conserving superselection rules [9, 10] .
II. SCHEME 1: THE BASICS
Let us begin by considering the simple scheme shown in Figure 1 . For definiteness, we shall describe the case of single photons, however this scheme is equally applicable to massive particles. Here we consider a vacuum state, |0 , and a single photon state, |1 , incident on the the two input ports of a 50:50 beam splitter (BS1). After this beam splitter the state can be written in a Fock state basis as, |ψ = |01 12 + i|10 12 (1)
where the first term in each ket represents the number of particles in path 1 and the second, the number in path 2 (represented by the subscripts). For simplicity, we shall neglect normalisation constants where they are unimportant.
As shown in Figure 1 , path 1 is sent to a second beam splitter (BS2) and path 2 to a third beam splitter (BS3), where they are combined with other states. The reference state on path 3 is taken to be a coherent state with a mean amplitude of 1 and phase φ a , i.e. |e iφa c and the reference state on path 8 is taken to be a coherent state with a mean amplitude of 1 and phase φ b , i.e. |e iφ b c , where the subscript c is used to distinguish a coherent state from a Fock state. This means the state of the system before entering BS2 and BS3 can be written as,
where the latter two brackets show the input coherent states expanded in the Fock basis. We can neglect all terms with more than one photon in these coherent states since we are only interested in single photon measurements [32] . This state is then transformed by beam splitters BS2 and BS3 and Alice and Bob record which of their detectors at the output ports registers a particle. Afterwards, by comparing their measurement outcomes, they seek nonclassical correlations that are a signature of nonlocality. Importantly, BS2 and BS3 have variable reflectivities that Alice and Bob can rapidly switch. Straightforward schemes exist for implementing beam splitters for atoms [27, 28] with variable reflectivities, e.g. by rapid modulation of the trapping potential [26] . The role of these beam splitters with variable reflectivities can be understood by considering analogous schemes used to determine the EPR correlations between spin 1/2 particles. In such schemes, a spin singlet pair is produced: one particle being sent to Alice and the other to Bob. Alice and Bob can each choose to measure the spin of their particle in one of two spatial directions. They randomly choose which axis to measure in so as to eliminate the possibility of local hidden variables influencing the results. In our single particle scheme, instead of projecting onto different spatial directions, we project onto different superpositions of zero and one particles, i.e. different 'directions' when visualised on the Bloch sphere (see Figure 2) .
In analogy, with the spin singlet case, Alice and Bob each choose orthogonal measurement axes and these two sets of orthogonal axes are rotated with respect to each other. In Figure 2 , Alice's axes are shown at angles ξ and ξ + π/2 and Bob's are shown at η and η + π/2. The state represented by ξ, for example, is |ψ = cos(ξ/2)|0 + e iφ sin(ξ/2)|1 .
If we take the azimuthal angle, φ to be π/2, this is simply a state rotation which can be implemented by a beam splitter with reflectivity sin(ξ/2). The different detection axes correspond to different reflectivities of BS2 and BS3, e.g. if Alice chooses to measure along axis ξ, she picks the reflectivity of BS2 to be sin(ξ/2) and if she chooses to measure along ξ + π/2, she picks the reflectivity to be sin(ξ/2 + π/4). We would now like to see how (2) is transformed by the beam splitters. We are interested only in the cases where Alice and Bob each detect a single particle and we will consider first the case where Alice measures in direction ξ and Bob measures in direction η. The transform of BS2 on the possible inputs from paths 1 and 3 is therefore given by,
Using these transforms one can determine the probability of finding a particle in output paths 4 and 5. In a similar way (but replacing ξ with η) one can find the probability of finding a particle in the output paths 6 and 7. Combining these results it is possible to transform (2) to determine the probability of obtaining the state |1010 4567 (i.e. the probability of registering a click in path 4, a click in path 6 and nothing in paths 5 and 7). This is given by,
where ∆φ is the phase difference between the coherent states, i.e. φ b −φ a . Using the same method, it is straightforward to show that P 4567 (0101) = P 4567 (1010) and that the probabilties for |1001 4567 and |0110 4567 are given by,
We can also readily generate the corresponding probabilities for different choices of measurement axes, by simply replacing ξ with ξ + π/2 in (6) and (7), and/or replacing η with η + π/2.
We can now use the results in (6) and (7) to evaluate the Clauser, Horne, Shimony and Holt (CHSH) version of Bell's inequality [29] , which has the form
Any violation of this inequality can be interpreted as evidence of nonlocality in the system. The terms of the form E(ξ, η) are expectation values or correlations between Alice and Bob's measurement outcomes given that Alice sets her beam splitter (and hence detection axis) to ξ and Bob sets his to η. Suppose on a given run, Alice and Bob each detect their particle in the upper detector, i.e. the detected state is |1010 4567 . This means their results are perfectly correlated, i.e the correlation is +1. If, on another run Alice detects in the lower detector and Bob in the upper one, i.e. the detected state is |0110 4567 , then the results are perfectly anticorrelated and so the correlation is −1. It is easy to see that if Alice and Bob each detect only one particle then their results must always be correlated or anticorrelated. Given that we found the probability of these different cases occurring in (6) and (7), we can now find the overall correlation between Alice and Bob's measurement outcomes for settings ξ and η, i.e. E(ξ, η). This is given by,
The other correlations can be found in a similar way,
Substituting these expressions into (8), we obtain
We see that this depends only on the relative orientation of Alice and Bob's measurement axes, i.e ξ − η. This is what we would expect, since schemes that detect EPR correlations for pairs of entangled spin 1/2 particles depend only the relative orientation of Alice and Bob's detectors. In order to violate the CHSH inequality, S must have a value greater than 2. We would now like to find whether there are parameters that give rise to such a violation. S is maximised when each of the two factors in (11) have their maximum value. This occurs when ∆φ = π/2 and ξ − η = 3π/4. Substituting into (11) gives S = 2 √ 2 which is greater than 2 and as such violates the CHSH inequality. This suggests that Alice and Bob should be able to arrange their detector orientations in such a way that they can observe evidence of single particle nonlocality.
However, there is a problem in so far as the scheme relies on the two reference coherent states having a fixed relative phase of ∆φ = π/2. If Alice and Bob each prepare their reference states separately, we know that there will be no fixed phase relationship between them. Furthermore, it is well known that the references should be described not as coherent states, but rather as mixed states of the form 2π 0 |αe iφ αe iφ |dφ [22] . This avoids problems with violating number conservation superselection rules and means that the two reference states have no absolute phase. If the two references are created separately, their relative phase will vary randomly from shot to shot. This means that on an ensemble average -which is how these experiments must be performed -we need to average over all possible phase differences, ∆φ in (11). When we do this, we obtain,
which has a maximum value of S = √ 2. Since this is less than 2, no violation of the CHSH inequality is possible in this case. In the following sections, we show how this problem can be overcome.
III. SCHEME 2: FIXING THE PHASE
The key problem with the scheme outlined in the previous section is that it was not possible to fix the phase relationship between the two reference states. This problem can be overcome by a simple modification of the set-up (see Figure 3 ). This time, the two input coherent states in paths
. With these reference states, the total state just before BS2 and BS3 is (c.f. equation (2)),
Calculating an expression for S in the same way as above gives,
This is exactly as we would expect from (11) since this new scheme fixes the value of the relative phase, ∆φ = π/2. Consequently the CHSH inequality can be violated on every run of the experiment since this violation depends only on | sin(ξ − η) − cos(ξ − η)|, the value of which can be controlled by the experimenters. Furthermore, the input on path 9 can be a mixed state of the form ρ = | √ 2 e iφ √ 2 e iφ | dφ, since the final result is independent of φ and so we are free to average over all values of φ without changing anything.
The coherent reference states, |ie iφ c3 and |e iφ c8 , are important since they 'keep track of the experiment' and enable Alice and Bob to each make measurements. Since they are separable states, it can be argued that they do not introduce any additional nonlocality into the system and therefore the violation of the CHSH inequality is solely due to the single particle state on paths 1 and 2. The scheme presented in this section is closely related to the experiment of the Hessmo et al. [21] except that we have used beam splitters with variable reflectivity instead of polarising beam splitters. This means that our scheme is readily applicable to atoms as well as photons.
IV. SCHEME 3: INDEPENDENT REFERENCE STATES
Although the scheme presented in the previous section should enable the nonlocality of a single particle to be observed, some readers may feel uneasy about how the reference states were created. Strictly speaking, in order for the reference states to not contribute any of the observed nonlocality, they should be created by only using local operations and classical communication. However, in scheme 2 they were created by a beam splitter, which performs a global operation on the two states.
For the special case that the input at path 9 is a coherent state (or a mixture of coherent states) and the input at 10 is a vacuum state, then this global operation does not pose any problems since we know that the outputs from BS4 will be completely separable. However, any deviation from this ideal case exposes the potential 'loophole' that some additional nonlocality is introduced by the reference states. This is a particularly pressing concern if we wish to apply this scheme to atoms. Atoms interact with one another through collisions and this leads to nonlinear terms in the Hamiltonian. These nonlinearities tend to number-squeeze the state [30, 31] . This means that, in general, the outputs from BS4 will not be separable and, as such, the reference states cannot be eliminated as the source of any nonlocality observed. Figure 3 , whereby Alice and Bob each use a completely independent mixed state as their reference. Only after all the measurements have been taken are the relative phases of the reference states determined. This eliminates any possibility of nonlocality being due to these states. To begin with, we shall consider the case that Alice and Bob each use a mixed state of the form,
A solution to this problem is demonstrated in
where the subscripts a and b denote the states belonging to Alice and Bob respectively. This is a realistic choice for the reference states since it is the natural description of an atomic Bose-Einstein condensate. However, we shall see later that our scheme is not restricted by this choice. Equation (15) shows that the reference state can be described as a classical mixture of coherent states which are averaged over all phases. This means that we can decompose the state into coherent states for the purposes of our calculation so long as we correctly average over phases at the end. We stress that these coherent states are just calculational tools: we never physically rely on them.
Referring to Figure 3 , we see that Alice combines her state ρ a with a vacuum state, |0 at BS4. As discussed above, this input can be decomposed as |0 9 |α e iφa c10 . If the transmittivity of BS4 is chosen to be 1/|α|, then it allows, on average, one particle to pass through and the output state is therefore |e iφa c3 |i |α| 2 − 1 e iφa c11 [20] . Similarly, Bob combines his reference state ρ b with a vacuum state at a beam splitter (BS5) with transmittivity 1/|α|. This gives an output |e iφ b c8 |i |α| 2 − 1 e iφ b c14 . Comparing with Figure 1 , we see that the inputs into BS2 and BS3 are the same as they were in scheme 1 and so the expression for S given by (11) also holds in this case.
The problem, however, is that, just like we found in scheme 1, we do not know the relative phase, ∆φ of the reference states. This would suggest that we need to average over all values of ∆φ, which gives us S < √ 2, i.e. the CHSH inequality is not violated. However, the advantage of the present setup is that we do not need to perform this phase averaging because the crucial phase information is contained in the states on paths 11 and 14. This means that we could make a measurement on these states to determine what the value of ∆φ is for each shot of the experiment. Although ∆φ is not controllable, it can be determined on each run, which is all we need. In our scheme ∆φ is found simply by combining paths 11 and 14 at a 50:50 beam splitter (BS6) and recording the number of particles, N 15 and N 16 , detected at ports 15 and 16 respectively. These are given by,
Combining these, we obtain,
which allows us to determine ∆φ on each run. In practice, on each experimental run Alice and Bob would record which of their detectors clicked and what setting they had chosen for their beam splitter. Then a measurement of ∆φ would be performed at BS6. Of course, the measurements of ∆φ could take place much later -after all of Alice and Bob's measurements have been completed. The results could then be 'binned' into different ranges of ∆φ and the correlations E(ξ, η), E(ξ + π/2, η), E(ξ, η + π/2) and E(ξ + π/2, η + π/2) could be determined for each ∆φ. This would enable us to determine the value of S as a function of ∆φ. A plot of how S varies with ∆φ is shown in Figure 5 . We see in particular that in the shaded regions, S > 2. This violation of the CHSH inequality would provide an experimental signature of the nonlocality of a single particle.
Finally, we note that this scheme is not restricted to Alice and Bob using reference states of the form of (15) . In particular, if Alice and Bob were to each use number states, |N a and |N b , the scheme would work in the same way so long as they picked the transmittivities of BS2 and BS3 to be 1/ √ N a and 1/ √ N b respectively. By extension, we see that general mixtures of number states of the form,
should also work. The only potential problem with this is that Alice and Bob need to set the transmittivities of their beam splitters according to the number of incident particles. This is to ensure that they skim off a state with a mean amplitude of one. In practice, so long as the width of the distribution, P (n), is small with respect to the mean number of particles, this should be able to be achieved to a very good approximation.
V. CONCLUSIONS
We have presented three schemes for observing violations of the CHSH inequality due to a single particle. In general, we have seen that these schemes all require additional reference particles to be added so that Alice and Bob can each make meaningful measurements. The key is that these additional particles are introduced in such a way that they do not contribute any nonlocality to the system.
In the first scheme, Alice and Bob each used an independently created coherent state as their reference. We found that, since there was no fixed relationship between the phases of the reference states, the evidence for nonlocality was washed out and it was not possible to violate the CHSH inequality. The second scheme resolved this issue by using the two outputs from a single beam splitter as the reference states. This ensured that there was a fixed phase relationship between them. As expected, this allowed for a violation of the CHSH inequality. Indeed this idea is similar to experimental schemes currently used to test single particle nonlocality [21] . One possible problem with the second scheme, however, is that it relies on a global operation to create the two reference states. This means that, in general, we cannot guarantee that the reference states are completely separable and will not be responsible for the observed violation of the CHSH inequality.
In the third scheme we overcame this concern by ensuring that Alice and Bob each had independently created mixed states. They then skimmed off part of these states to be used as their reference state and the remaining part was used later to determine the relative phase between their references. Although, the relative phase could not be controlled nor predicted in advance, it was knowable on every experimental run. This allows S to be determined as a function of ∆φ. A theoretical plot is shown in Figure 5 , which predicts that there are values of ∆φ where S > 2, i.e. the CHSH inequality is violated. Such a scheme has intriguing prospects for advancing our understanding of the issue of single particle entanglement. Importantly, is equally applicable to atoms as well as photons as all the employed techniques, such as beam splitters with variable reflectivities, are achievable for both. 
